Abstract: In this paper, a method of synchronization of two different chaotic systems with matched and mismatched perturbations are developed by utilizing adaptive backstepping control technique. Through a simple and slight modification of traditional backstepping control method, the proposed technique can be applied to a variety of chaotic systems whose dynamic equations are not in the so-called strict-feedback form. Perturbation estimator is utilized in the control scheme to reduce the control energy, and each virtual input has adaptive mechanisms embedded to adapt the unknown upper bounds of the perturbation estimation errors. The property of uniformly ultimately boundedness is guaranteed when solving the chaotic synchronization problems, and two numerical examples for demonstrating the advantages and feasibility of the proposed method are also given.
INTRODUCTION
In the natural world, chaotic systems belong to nonlinear dynamic systems with complex behavior which is irregular and unpredictable. In general, chaotic phenomenon has the following four characteristics (Alligood et. al [1996] ): (1) sensitive dependence on initial conditions; (2) bifurcation; (3) at least one positive Lyapunov exponent; (4) strange attractors. These characteristics are considered difficult to be controlled, and they often deteriorate the performance of the system. However, proper utilization of chaotic phenomenon may benefit our daily life. In particular, chaotic synchronization plays a vital role in secure communication field (Chien and Liao [2005] , Huang et. al [2006] , Hyun et. al [2006] , Lu [2005] and Sun [2009] ).
Ever since Pecora and Carroll [1990] proposed a control method that enables chaotic synchronization of two identical chaotic systems with different initial values, research on chaotic synchronization has been arousing tremendous attention throughout various fields in the years that have followed. During this period, researchers have never ceased proposing various control methods to achieve chaotic synchronization of two identical chaotic systems, such as observer-based design methods (Boutayeb et. al [2002] , Cherrier et. al [2006] and Raoufi and Zinober [2007] ), sliding mode control (SMC)(or variable structure control (VSC)) (Yau [2004] , Yan et. al [2007] ), active control (Haeri et. al [2007] and Li [2006] ), adaptive control (Liu et. al [2007] , Botmart and Niamsup [2007] ), ? The work was supported in part by the National Science Council of R. O. C.
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backstepping control (Wang and Wen [2007] , Bowong [2007] ), and other control methods (Rafikov and Manoel Balthazar [2008] , Wu et. al [2010] ).
It is often observed that the effects of uncertain perturbations such as parameter variations, model uncertainties, and external disturbances are unavoidable in practical synchronization process. These perturbations may often upset its original trajectories. On the other hand, the perturbations encountered in a system can be divided into matched and mismatched parts (Wen and Cheng [2008] ). Many researchers, such as aforementioned works except Raoufi and Zinober [2007] , have focused on the attempt to suppress the influence of matched perturbations in chaotic synchronization. Only few researchers probed into chaotic synchronization which encountered mismatched perturbations, not to mention synchronization of two different chaotic systems with mismatched perturbations. Since mismatched perturbations may often take place naturally regarding the application of practical systems, it is highly essential to conduct research in this area.
It is well known that backstepping control method is very effective for handling mismatched perturbation (Khalil [1996] ). However, this method has a serious limitation, that is, it can only be applied to systems with so called strict-feedback form (Karagiannis and Astolfi [2008] , Fu [2008] , Yao and Tomizuka [2001] and Liu et. al [1999] ). Although Krstic et. al [1995] and Chang and Cheng [2010] developed the block backstepping method to relax this constraint, systems with "block strictfeedback form" is still required.
Considering the limitations of the various methods developed so far for chaotic synchronization, in this paper we propose an adaptive backstepping control method for two different chaotic systems with mismatched perturbations. The advantages of the proposed method are that it has the ability to overcome the effects of mismatched perturbations, and the dynamic equations of the plant (slave) do not need to be in strict feedback form. In order to reduce the control energy, perturbation estimator is also employed in the control scheme. Some adaptive mechanisms are utilized for adapting the unknown upper bounds of perturbation estimation errors. Finally, the proposed method is applied to two numerical examples to illustrate the advantages and applicability of the proposed technique.
SYSTEMS DESCRIPTION AND PROBLEM FORMULATIONS
Consider the following two different chaotic systems whose dynamic equations are governed by Master:
Slave:
(1) is the master system, where f j , 1 Ä j Ä 3 are known, and may be nonlinear functions. (2) is the slave system, where g j , 1 Ä j Ä 3, are known, and may also be nonlinear functions. Note that (2) does not need to satisfy the so called strictfeedback form. u 2 R is the control input. The notations N x j , x and y stand for N
y , OEy 1 y 2 y 3 T . The unknown functions p j , 1 Ä j Ä 3, denote the matched or mismatched nonlinearities, model uncertainties and/or external disturbances in the slave's systems. Remark 1. The dimension of many chaotic systems is three, and their dynamics can be written in the form of (1) or (2), such as the Chua's circuit (Cannas and Cincotti [2002] ), the oscillators (Tsai et. al [2002] ), Moore-Spiegel oscillator (Moore and Spiegel [1966] ), simplest quadratic chaotic flow (Sprott [2000] ).
Before designing the control scheme, the following assumptions are assumed to be valid in this paper:
The states x i are all measurable, and the trajectories of (1) are all bounded due to the characteristics of chaotic systems (Alligood et. al [1996] ). A.2 There exist unknown positive constants a i`s uch that j N p i .t; y/j 6 P 3 D1 a i`j y`j; i D 1; 2 j Q p 3 .t; y/j 6 a 31 jy 1 j C a 32 jy 2 j C a 33 jy 3 j:
are fulfilled in the domain of interest, where
p 3 is the perturbation estimation error and is defined as p 3 P 2p p est .t /.˛i , 1 Ä i Ä 2, are the virtual inputs given in the next section, d˛i =dt , P i , P i n C P ip , P i n denotes the nominal part of the derivative of virtual inputs i , and P ip is the part of P i which contains perturbations. The scalar p est .t /, designed in the next section, is the perturbation estimation of the unknown signal p 3 P 2p .
A.3 The states of the systems (2) are also measurable.
Let the tracking error be e j , y j x j , 1 Ä j Ä 3. Using the concept of extended systems, one can obtain the standardized state space equations of the error states as
where N f 3 , g 3 .t; e; x/ f 3 .t; x/, e , e 1 e 2 e 3 T . Note that the terms g i .y/ which may not satisfy the strict-feedback form in (2) was treated as perturbation in (4), the nominal dynamic equations (4) and (5) (without the perturbations) are in strict-feedback form. Although the traditional backstepping control method still can be applied to the plant (4) and (5), the problem left is how to handle these perturbations with non strict-feedback form. The objective of this paper is to design an adaptive backstepping controller so that the trajectories y i of the perturbed slave system are capable of tracking the trajectories of master x i respectively.
DESIGN OF ADAPTIVE BACKSTEPPING CONTROLLERS
According to the backstepping methodology, one should design virtual inputs˛i , 1 Ä i Ä 2, for the perturbed plant (4) and (5) first. The details of designing two virtual inputs are demonstrated in the following steps.
Step 1 : The first virtual input controller˛1 is designed as
where N e j , OEe
constant, and O k 1 .t / is the adaptive gain given later. Define a new state variable 1 .N e 2 ; N x 1 / as 1 .N e 2 ; N x 1 / , e 2 ˛1.e 1 ; x 1 /; (7) then substituting (7) into (4) for i D 1 yields
Now we define a Lyapunov function candidate as
The time derivative of (9) along the trajectories of (8) is
According to (3), (34) and (35), we can compute the upper bound of je 1 jj N p 1 j as
where r 10 , a 11 C a 13 .b 21 C b 11 b 22 / C b 11 a 12 , r 11 , a 12 C a 13 b 22 , r 12 , a 13 , r 13 , a 11 C a 12 g 11 C a 13 g 21 , r 14 , a 12 C a 13 g 22 and r 15 , a 13 are also unknown positive constants. Then (10) is further simplified as
where w 0 , r 10 C 1 2
Step 2 : In this step we design another virtual input controller˛2 as 
By using (15), one can compute
(17) By using (11) and (16), one can compute the time derivative of (17) along the trajectories of (14) as
where h 1 , Step 3 : This final step is to design a control input u so that the whole state variable e can achieve the property of uniformly ultimately bounded. The proposed controller is given by
where " 3 is a designed positive constant.
The perturbation estimation method proposed in Cheng et. al [2001] is utilized in this study to design the signal p est . The design process of p est is given as follows. From (13), it is seen
(20) which also indicates that
Now let 
) Theorem 1. Consider the mismatched perturbed chaotic system (4), (5) with the assumptions A.1 to A.3. Suppose that the virtual inputs˛1, P 1p and˛2 in the domain of interest satisfy the following constraints j˛1.e 1 ; x 1 /j Ä b 11 je 1 j C g 11 jx 1 j;
where b 11 , g 11 , b 2`, g 2`a nd d 1`a re unknown positive constants. If the control law (19) and the adaptive laws (21) are employed, then (a) the state variable z , e 1 1 2 Q k 1 Q k 2 Q k 3 T is uniformly ultimately bounded; (b) all the virtual control inputs˛i , i D 1; 2, are bounded; (c) the tracking errors e j , 1 Ä j Ä 3, are uniformly ultimately bounded.
Proof: Define a Lyapunov function candidate as
where
, are the adaptive errors of the unknown constant gains k j respectively. By noting that P Q k j D P O k j as well as using (18), the time derivative of (25) along the trajectories of (20) and (21) is
It is observed that j 2 j r 30 je 1 j C r 31 j 1 j C r 32 j 2 j C r 33 jx 1 j C r 34 jx 2 j C r 35 jx 3 j
and . By using (21), (36), (27) and (28), then one can further simplify (26) as
Hence one can see that P V 3 < 0 is satisfied in the domain of kzk > p 2Á 3 =c 3 : (a) The previous analysis indicates that the trajectory of z will be driven into the region kzk Ä p 2Á 3 =c 3 , where Á 3 is a bounded function since x i are all bounded. This means that e 1 ; 1 ; 2 and O k j , 1 Ä j Ä 3, will be uniformly ultimately bounded (Khalil [1996] ). (b) From (6) and (12), the virtual controls˛1,˛2 are also bounded in accordance with part (a). (c) From (7) and (13), e j .t /, 1 Ä j Ä 3, are bounded in accordance with part (a) and (b). Remark 2. One of the well-known advantages of backstepping control approach is that it is easy to overcome the mismatched perturbations in the system to achieve asymptotic stability. However, this advantage in general is only limited to the system with vanished perturbations. In this study the perturbations in (4) and (5) are nonvanished. Therefore, it is very difficult to achieve asymptotic stability (Khalil [1996] ).
NUMERICAL EXAMPLES
In this section, two numerical examples are demonstrated in order to show the advantages and feasibility of the proposed control scheme. The first example is about the design of backstepping tracking controller for systems with non-strict feedback form. The second one is about the application of chaotic synchronization.
Example 1 The dynamic equations of this example are 8 <
:
8 < :
where (29) is a chaotic system, we use it to generate the reference signals due to its unpredictability. (30) is a system with non-strict feedback form. In order to demonstrate the robustness of stability and computer simulation of the proposed control technique, we assume that the matched and mismatched perturbations are p 1 D 0:05y 2 y 3 cos.t /, p 2 D 0:2y 1 sin.2t /, p 3 D 0:3y 3 sin.t /.
The objective of this example is to design an adaptive backstepping robust tracking controller so that the states y i can track the states of chaotic system x i respectively. The backstepping controller (19) and the adaptive gains (21) Fig. 1 shows the tracking errors e i , which are all bounded. Fig. 2 illustrates the adaptive gains. Fig. 3 is the perturbation estimation error. The chattering phenomenon in this figure reveals the characteristics of (30). The control effort u, which is also bounded, is displayed in Fig. 4 .
Example 2 Chaotic Synchronization
Consider the mismatched perturbed chaotic systems MooreSpiegel oscillator (Moore and Spiegel [1966] ) (master) and simplest quadratic chaotic flow (Sprott [2000] ) (slave). Their dynamic equations are governed by Master: Slave:
2:017y 3 C p 3 .t; y/ C u:
We assume that the matched and mismatched perturbations are p 1 D 0:1y 2 cos.2t / 0:05y 3 , p 2 D 0:1y 1 cos.t / C 0:3sin.t /, p 3 D 0:2y 1 C 0:1y 2 cos.2t /.
The objective of this example is to design an adaptive backstepping robust tracking controller so that the tracking errors e j , 1 Ä j Ä 3, can be driven into a small bounded re- Fig. 8. Fig. 5 shows the tracking errors e i , which are all bounded. Fig. 6 illustrates the adaptive gains. The perturbation estimation error and control effort are displayed in Fig. 7 and Fig. 8 respectively, they are also all bounded. 
CONCLUSION
In this paper, an adaptive backstepping tracking control scheme is successfully proposed for two different class of chaotic systems with matched and mismatched perturbations in non-strict feedback from to solve the problems of synchronization. By combining adaptive backstepping control and perturbations estimation techniques, the proposed robust controller is able to drive the perturbed slave's trajectories to track those of the master's systems without requiring the upper bounds of perturbation estimation errors. It is also observed that the control energy in general will be smaller than the case in which the perturbation estimator is not used. For future study, relaxing the assumption 1 and extending the proposed method to the general n-dimensional systems are worth considering.
